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Abstract 

We exposit two previously unpublished theorems of Leo Harrington. 
The first theorem says that there exist arithmetical singletons which are 
arithmetically incomparable. The second theorem says that there exists a 
ranked point which is not an arithmetical singleton. Unlike Harrington's 
proofs of these theorems, our proofs do not use the finite- or infinite- injury 
priority method. Instead they use an oracle construction adapted from 
the standard proof of the Friedberg Jump Theorem. 



1 Introduction 

Definitions. Let N = {0,1,2, ... ,n, .. .} = {the natural numbers}. Wc work 
in the Baire space N^. Points in N'*' are denoted X,Y, Z, . . . and sets in N'^ are 
denoted P,Q, . . .. A point X or a set P is said to be arithmetical if it is 11^ for 
some n, and arithmetical relative to Y if it is H^'^ for some n. See for instance 
Rogers [6, Chapters 14-16]. Two points X and Y arc said to be arithmetically 
equivalent if each is arithmetical relative to the other, and arithmetically incom- 
parable if neither is arithmetical relative to the other. An arithmetical singleton 
is a point X such that the singleton set {X} is arithmetical. A ranked point is 
a point X such that X ^ P for some countable set P. 

Remark 1. It is well known that each arithmetical singleton is arithmetical 
relative to O'-"-' for some recursive ordinal a, and each such 0*^"^ is itself an 
arithmetical singleton. See for instance Sacks [7, Chapter II]. 

Remark 2. Tanaka [8] observed that for any arithmetical set P we can find a 
Hi set Q and a one-to-one correspondence F : P = Q such that each X G P 
is uniformly arithmetically equivalent to F{X). It follows that every arithmeti- 
cal singleton is arithmetically equivalent to a 115 singleton, every member of a 
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countable arithmetical set is arithmetically equivalent to a ranked point, and 
every nonempty countable arithmetical set contains an arithmetical singleton. 

Remark 3. The purpose of this paper is to exposit two previously unpublished 
theorems due to Harrington [4, 5] concerning arithmetical singletons. 

1. There exist arithmetically incomparable arithmetical singletons. Equiva- 
lently, there exist arithmetically incomparable II^ singletons. See Theorem 
3.4 below. 

2. There exists a point which belongs to a countable arithmetical set but is 
not an arithmetical singleton. Equivalently, there exists a ranked point 
which is not an arithmetical singleton. See Theorem 3.5 below. 

Remark 4. Harrington's theorems on arithmetical singletons may be reformu- 
lated so as to yield significant insights concerning definability over the natural 
number system N, +, x, =. Note first that X is arithmetical if and only if X 
is explicitly definable over N, +, x, =, and X is an arithmetical singleton if and 
only if X is implicitly definable over N, +, x,=. Prior to Harrington, two well 
known results concerning definability over N, + x , = were as follows. 

1. There exists an X which is implicitly definable over N, +, x,= but not 
explicitly definable over N, +, x, =. (Namely, let X = 0^"^ = the Tarski 
truth set for N, +, x, =. See Rogers [6, Theorems 14-X and 15-XH].) 

2. There exist X and Y such that X(BY is implicitly definable over N, +, x , = 
but neither X nor Y is implicitly definable over N, +, x,=. (Namely, let 
X and Y be Cohen generic over N, +, X, = such that X ®Y =t O^"'. See 
Feferman [2] or Rogers [6, Exercise 16-72].) 

Note also that X is arithmetical relative to Y if and only if X is explicitly defin- 
able over N,+, X, =, Y. We then see that the following result due to Harrington 
is complementary to results 1 and 2. 

3. There exist X and Y such that 

(a) X is implicitly definable over N, +, x, 

(b) Y is implicitly definable over N, x, =, 

(c) X is not explicitly definable over N, x , =, Y, 

(d) Y is not exphcitly definable over N, x,=,X. 

(Namely, let X and Y be as in Theorem 3.4 below.) 

Remark 5. Harrington [4, 5] and Gerdes [3] have applied the method of [4, 5] 
to prove many other remarkable theorems. Sec for instance Remark 11 below. 
However, we choose not to present those applications here. Instead we content 
ourselves with providing an accessible introduction to the method, including 
detailed proofs of two of the more striking theorems. 

Remark 6. The plan of this paper is as follows. In §2 we warm up by proving 
simplified versions of Harrington's theorems on arithmetical singletons. In §3 
we prove the full versions. 
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2 The simplified versions 



Definitions. Points A,Be may be viewed as Turing oracles. We write 
{e}^{i) = j to mean that the eth Turing machine with oracle A and input 
i halts with output j. We write {e}^{i) I (respectively f) to mean that the 
eth Turing machine with oracle A and input i halts (does not halt). We write 
A <T B to mean that A is Turing reducible to B, i.e., 3eVz {A{i) = {e}^{i)). 
We write A =t B to mean that A is Turing equivalent to B, i.e., A <t B and 
B <T A. We define A ® S e by the equations {A © B){2i) = A(i) and 
{A © i?)(2z + 1) = B{i). We write A' = the Turing jump of A, defined by 



A'(e) = 



1 if{e}^(e);, 
if{e}^(e)t. 



We write A*^") = the nth Turing jump of A, defined inductively by letting 
= A and = (A^"))'. Recall that A is arithmetical relative to B if 

and only if A <t i?^"-* for some n. 

Lemma 2.1. Given a Il'j''"^ set P we can find a IlJ'"^ set Q and a homeomor- 
phism F : P = Q such that X © A =t -F(X) © A uniformly for all X G P. 

Proof. Since P is a 11°'^ set, it follows that P is a II^'^ set, say P = {X 
Vi 3j R{X, i, , j)} where R is an A-recursivc predicate. Define F : P = Q = P(P) 
by letting F{X) = X ®X where X{i) = the least j such that R{X,i,j) holds. 
Clearly Q is a H?'^ set and X®A=t F(X) © A uniformly for ah X € P. □ 

Lemma 2.2. Given a 11°'"* set P we can find a 11°'^ set Q and a homeomor- 
phism H : P^Q such that X ® A' =t H{X) © A' =t (H{X) © A)' uniformly 
for all X <eP. 

In order to prove Lemma 2.2, we first present some general remarks concern- 
ing strings, trees, and treemaps. 

Notation (strings). Let N* = U;eN^' ~ ^he set of strings, i.e., finite sequences 
of natural numbers. For a = (no, ni, . . . , n;_i) £ N* we write a{i) = n^ for all 
i < |(t| = / = the length of a. For cr, t G N* we write u'^t = the concatenation, 
a followed by r, defined by the conditions |cr'^T| = \a\ + |t|, (cr'^r)(i) = a{i) 
for all i < |cr|, and ((T'^r)(|(T| + i) = r(z) for all i < \t\. Wc write (t C r if 
cr^p = r for some p. If \a\ > n we write crfn = the unique p Q a such that 
IpI = n. If |ct| = \t\ = n we define cr ffi r S N* by the conditions |cr © t| = 2n 
and (cr © T)(2i) = a-(i) and (cr © T){2i + 1) = r(i) for all i < n. 

Definition (trees). A tree is a set T CW such that 

V/oVcr ((p C cr and cr £ T) ^ p e T). 

For any tree T we write 

[T] = {paths through T} = {X \ Vn (Xfn G T)}. 
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Remark 7. It is well known that the following statements are pairwise equiv- 
alent. 

1. P is a n°'^ set. 

2. P = [T] for some n°'^ tree T. 

3. P = [T] for some ^-recursive tree T. 

4. P = {X \ X Q A e [T]} for some recursive tree T. 

Definition (treemaps). Let T be a tree. A treemap is a function F : T ^ W 
such that 

for all (7 G T and all i £ N such that ct" (i) G T. We then have another tree 

F{T) = {r I 3cr (cr G T and r C P(cr))}. 

Thus P = [T] and F{P) ~ [F{T)] are closed sets in the Baire space and we 
have a homeomorphism F : P = F{P) defined by F{X) = UnGN-^l^t") ^'^^ 
all X £ P. Note also that the composition of two treemaps is a treemap. A 
treemap P : T — > N* is said to be A-recursive if it is the restriction to T of a 
partial A-recursive function. 

Remark 8. Let T be a tree and let F : T ^ N* be a treemap. Given t G F{T) 
let CT G T be minimal such that t C F{a). Then cr is a substring of t, i.e., 
o- = {T{jo),T{ji), T(ji„i)) for some jo < ji < ■ ■ ■ < ji-i < k|- Thus, in the 
definition of F{T), the quantifier 3a may be replaced by a bounded quantifier, 

F{T) = {r I {3a substring of t) {a e T and r C F{a))}. 

This implies that, for instance, if F and T are A-recursive then so is F{T). 

We are now ready to prove Lemma 2.2. 

Proof of Lemma 2.2. Given A we construct a particular A'-recursive treemap 
G : N* -> N*. We define G{a) by induction on \a\ beginning with G({)) = {). 
If G{a) has been defined, let e — \a\ and for each i let G{a'~'{i)) ~ the least 
r 3 G{a)""{i) such that {e}j^^®'^(e) J, if such a r exists, otherwise G{a'"{i)) = 

G{a)"^{i). Clearly G is an A'-recursive treemap, and our construction of G 
implies that for aU e and X, {e}^(^)®^(e) ; if and only if {e}f(^^J''^;!'^lf^^ie) i. 
Thus X®A'=T G{X) © A' =t {G{X) © A)' uniformly for all X. 

Let G be the A'-recursive treemap which was constructed above. Let P be 
a n^''^ set. By Remark 8 we know that the restriction of G to P maps P 
homcomorphically onto another 11°'"^ set G(P). Applying Lemma 2.1 to G(P) 
we obtain a 11°' set Q and a homeomorphism P : G(P) = Q such that Y®A =t 
P(y) © A uniformly for aU Y G G{P). Thus H = FoG is a homeomorphism of 
P onto g, and for all AT G P we have G(A) © A =t F{G{X)) ®A = H{X) © A 
uniformly, hence A © A' =t (A) © A' =t (i^ (A) © A)' uniformly, Q.E.D. □ 
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Remark 9. Our proof of Lemma 2.2 via treemaps is similar to the proof of [1, 
Lemma 5.1]. Within our proof of Lemma 2.2, the construction of the specific 
treemap G is the same as the standard proof of the Friedberg Jump Theorem 
as presented for instance in Rogers [6, §13.3]. 

Let denote the constant zero function, so that 0'^"-' = the nth jump of 0. 

Lemma 2.3. Given a n'j''°* ' set P„ we can find a 11^ set Pq and a homeomor- 
phism : Pn= Po such that X„ © O'"' =t Xq © 0^") =t X^"^ uniformly for 
all Xn e Pn and Xq = H^iXn) G Po- 

Proof. The proof is by induction on n. For n = there is nothing to prove. For 
the inductive step, given a 11°'° set Pn+i apply Lemma 2.2 with A = 0*^"^ 
to obtain a 11°'° set P„ and a homeomorphism H„ : Pn+i = Pn such that 
© 0("+i) =T i/n(X„+i) ® 0("+i) =T {Hn{Xn+i) © 0("))' uniformly for ah 
Xn+i S Pn+1- Then apply the inductive hypothesis to P„ to find a 11° set Pq 
and a homeomorphism HJ} : P„ ^ Pq such that X„ © 0*") =t © 0^"^ =t 
X^"^ uniformly for all X„ £ P„. Letting = iJ„ o iJJ it follows that 

Xn+i © 0("+i' =T Xo © 0("+i) eet uniformly for all £ P„+i and 

Xo = H^+\Xn+i) e Po, Q.E.D. □ 

Wc now use Lemma 2.3 to prove simplified versions of Harrington's theorems. 

Theorem 2.4. Given n we can find IlJ singletons X,Y such that X i^^"-* 
and y X("). 

Proof. Let X„,y„ be such that 0^"^ <t X„ <t 0^"+!) and O^") <t K <t 
0("+i) and X„ Y„ and y„ X„. Note that X„ and y„ are A°'°'"' and 
hence 112'°' ' singletons. Therefore, by the proof of Lemma 2.1 we may safely 
assume that X„ and F„ are 11°'° singletons. Apply Lemma 2.3 to P„ = 
{X„,r„} to get Xo = H^iXn) and Yo = HS{Yn). Note that Pq - {^0,^0} is 
a Hi set, hence Xq and Fq are singletons. Since X„ © 0^") =t fJ"-* 

and Xn © 0(") =T Xo © 0^") we have Xq Fo"\ and similarly Yq X|^"^ 
Letting X = Xq and F = Fq we obtain our theorem. □ 

Theorem 2.5. Given n we can find a countable set P such that some Z ^ P 
is not a II" singleton. 

Proof. Let P„ be a countable IlJ set such that some Z„ £ P„ is not isolated 

in Pn. Treating P„ as a 11°'° set, apply Lemma 2.3 and note that Pq is a 
countable III set and Zq = HQ{Zn) is not isolated in Pq. We claim that Zq is 
not a n° singleton. Otherwise, let e be such that {Zq} ~ {X \ e ^ X*^")}. Since 
e ^ Z^"^ and e Po and X^"^ =t X„ © O^"' uniformly for all X„ G P„ and 
Xo = HQ{Xn) G Po, there exists j such that e ^ Xq"'' for all X„ G Pn such 
that X„ = Zn\j. But Z„ is not isolated in P„, so there exists X„ G P„ such 
that X„ [~j = Z„ \i and X„ 7^ Z„. Thus e ^ Xq"' and Xo ^ Zq, & contradiction. 
Letting P ~ Pq and Z = Zq wc obtain our theorem. □ 
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3 The full versions 



In order to prove the full versions of Harrington's theorems, we need to show 
that Lemma 2.3 holds with n replaced by oj. To this end we first draw out some 
effective uniformities which are implicit in the proofs of Lemmas 2.1 and 2.2. 

Notation. Let for e = 0,1,2,... be a standard enumeration of all A- 
recursively enumerable subsets of N* . Then 

= {a e N* I (Vn < \a\) {a\n i W^)} 

for e = 0, 1, 2, ... is a standard enumeration of all n°'^ trees. Hence = [T/] 
for e = 0, 1, 2, ... is a standard enumeration of all H'j''"^ sets. 

Remark 10. If is an A-recursive trcemap and T is a H°'^ tree, then F(T) 
is again a H°' tree. Moreover, this holds uniformly in the sense that there is 
a primitive recursive function / such that T'^(e) = F^e^ and Pfi^^.-^ = -^(P/) 
for all e, and we can compute a primitive recursive index of / knowing only an 
A-recursive index of F . 

The next two lemmas are refinements of Lemmas 2.1 and 2.2 respectively. 

Lemma 3.1 (refining Lemma 2.1). There is a primitive recursive function / 
with the following property. Given e we can effectively find an A-recursive 
treemap F : -^/(e) '^hich induces a homeomorphism F : = Pf^^)- 

follows that X ®A=^ F{X) © A uniformly for all X G P^' . 

Proof. Let T Pf and P = Pf. Since is uniformly H^' , it is uniformly 
U^'^, say T = T/' = {a \ \/i3j R{a, e,i, A\j)} where R<ZN*xNxNx 
N* is a fixed primitive recursive predicate. Let (— , — ) be a fixed primitive 
recursive one-to-one mapping of N x N onto N such that m < (m, n) and n < 
(m,n) for all m and n. Define Q = [T] where T = {a (B t \ \a\ ~ \t\ and 
{y{n,i) < |t|) (T((n,i)) = the least j such that R{a\n,e,i, A\j))}. Thus Q = 
{X Q) X \ X e P} where X{{n,i)) = the least j such that R{X\n,e,i,A\j). 
Moreover, we have an A-recursive treemap F : T ^ T given by F{a) = a (B^ 
for all (T Q T, where \a\ = \a\ and (V(n,i) < \a\) {a{{n,i)) = the least j such 
that R{a\n, e,i, A\j)). Although we cannot expect to have F{T) = T, we 
nevertheless have F : [T] ^ [f], i.e., F : P = F{P) = Q, and F{X) = X®X 
and X ® A=T F{X) © A uniformly for all X e P. The definition of f shows 
that T is uniformly A- recursive, hence uniformly H^j'"'^, so we can find a fixed 
primitive recursive function / such that T'^jg-j = T^' for all e and A. □ 

Lemma 3.2 (refining Lemma 2.2). There is a primitive recursive function h 
with the following property. Given e we can effectively find an A'-recursive 
treemap H : -> T^gj which induces a homeomorphism H : P^ = -P^g) 

such that X © A' =T -ff(^) ® A! =t {il{X) © A)' uniformly for all X £ Pg^'. 
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Proof. Let G be the specific A'-recursive treemap which was constructed in the 
proof of Lemma 2.2. By Remark 10 we can find a primitive recursive function 
g such that for all e we have G{T^ ) — T^^^^ and the restriction of G to is 

a treemap from to T^^^^ which induces a homeomorphism G : P^f^ ^ ^gle) • 
By construction of G we have X®A'=t G{X) © A' =t {G{X) © A)' uniformly 
for all X e P^ ■ Now applying Lemma 3.1 we obtain an ^-recursive treemap 
F : T4 s T4 / which induces a homeomorphism F : P4 ^ = P4 ^ such 

9(e) /(9(e)) ^ 9(e) /(9(e)) 

that y © A =T P(i^) © A uniformly for all Y £ P^^^y Thus the treemap H = 
F o G : Tf r^g(e)) induces a homeomorphism F o G ^ H : Pf = ^/(g(e)) 
such that X © A' EET © A' =T © Ay uniformly for all X e P^' . 

Our lemma follows upon defining h{e) = f{g{e)). □ 

We now show that Lemma 2.3 holds with n replaced by w. 

Lemma 3.3. Given a dP^^ ' set P^^ we can effectively find a IlJ set Pq and 
a homeomorphism : P^ ^ Pq such that © O^'^) =t Xq © O^"^) =t 
uniformly for all X^: G P^^ and = £ Pq- 

Proo/. Recall that 0^") = {{i,n) \ i £ O'")}. Since P^ is a n?'°'"' set, Remark 7 
implies the existence of a tree T^j <t O'"' such that P^ = [P^] and {cr | |cr| < n, 
f S Ttj} <T 0^"^ uniformly for all n. Define 

Te,n = {<J I \<J\ <n}U{<j\ \a\ >n,(j\neT^,ae Pi">"°'"'}. 

Thus Te.n is a Il'j'''^ tree, hence Pe^„ = [Pe.n] is a Il'j'''^ set, uniformly in n. 

In the vein of Lemma 3.2, we claim there is a primitive recursive function 
k with the following property. Given e and n we can effectively find a 0'"+^^- 
recursive treemap 

which induces a homeomorphism ife,n '■ Pe,n+i — Pfc(e),n such that X©0'"+"'^-' =t 
He,n{X) © 0("+i) =T (HeA^) © O^"))' Uniformly for all X e Pe,„+i, and in 
addition He^n{<y) = c for all a such that \a\ < n. 

To prove our claim, let r be a 3-place primitive recursive function such that 
-^r(e n cr) ~ {''' I '= ^e,n} for all 6, n, (T. We can then write 

Te,n+i = {(T I \a\ <n}U {a-^T \ \a\ ^ n, t e T^lZ'+ha)}- 

Since n is uniformly computable from (71) '"O'-"-', we can find a primitive recursive 
function k such that 

Tkie),n = W I \<J\ < n} U {ff-^r I |cr| = 71, T e r,^["Je,n+l,<T))} 
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where h is as in Lemma 3.2. For all a and t such that \a\ = n and t G T'^, , , > 

let Hf. „((T'^r) = (7"~H(t) where H : T°/"^^' > — TPI"! , , is as in Lemma 
3.2. Clearly k{e) and -ffe,™ have the required properties, so our claim is proved. 

Let k and He^n be as in the above claim. By the Recursion Theorem (see 
Rogers [6, Chapter 11]) let e be a fixed point of fc, so that T^^j — for aU A, 
hence 7fc(e),Ti = 7e,n for all n. Using this e define if„ = i?e,n and r„ = Tg.n and 
Pn = Pe,n — [Tji] for all Ti. As in the proof of Lemma 2.3 we have uniformly 
for each s > n a 0^'*-'-recursive treemap = Hn o • • • o Hs-i : Tg ^ Tn which 
induces a homeomorphism : Ps = P„ such that X©0(^) =t H^{X)®0^''^ =t 
uniformly for all X e Ps, and in addition H^{a) = a for all a such 
that |(t| < 71. We also have for each n a O*-"^ -recursive treemap i?^ : Tj^ — > r„ 
which induces a homeomorphism i?^ : P^j = Pn, namely H!^{a) = ffJi'^'(cr) if 
\a\ > n and H^{a) = cr if |(t| < n. Note also that for all n < s < < < w we have 
Hi = i?;^ o and H^^ = o H"^ . Finally, given e let X„ = ^^^(X^) 
for aU n. Then X„ \n = X„ and X„ © 0^") eet Xq ® O'") eet uniformly 
for all n and aU G hence X„ © 0(") =t ® 0^") =t Xq"' uniformly 
for all X^ E Puj- This completes the proof. □ 

We now present Harrington's construction of arithmetically incomparable 
arithmetical singletons. 

Theorem 3.4. There is a pair of arithmetically incomparable singletons. 

Proof. Let X^,Y^ be such that O*"' <t X^ <t O^'^+i) and O'") <t <t 
O^'^+i) and X^ and X<^- Note that X^ and K; are A"'"'"' 

and hence Il2'^ singletons. Therefore, by the proof of Lemma 2.1 we may 

safely assume that X^^ and 1^ are 11°'° singletons. Apply Lemma 3.3 to 
= {Xtj,y^} to get a n° set Pq and a homeomorphism i/p : P^^ = Pq. Let 
Xo = (X^) and Yq = H^{Y^). Since Pq = {Xo, Fo} it follows that Xq and Fq 
are singletons. Since AT^ © O^"' =t Y^'^^ and A^ © 0^") =t Xq © O^") 

we have Aq ^o'^'*' ^"^"^ similarly Yq Aq"-*. In particular Aq and Yq are 
arithmetically incomparable, Q.E.D. □ 

Finally we present Harrington's construction of a ranked point which is not 
an arithmetical singleton. This refutes a conjecture which had been known as 
McLaughlin's Conjecture. Note that McLaughlin's Conjecture was natural in 
view of Remark 2 above. 

Theorem 3.5. There is a countable H" set P such that some Z e P is not an 
arithmetical singleton. 

Proof. Let P^ be a countable Hj set such that some G P^ is not isolated 
in Pi^. Apply Lemma 3.3 and note that Pq is a countable H^ set and Zq = 
Hq{Zi^) G Pq is not isolated in Pq. We claim that Zq is not an arithmetical 
singleton. Otherwise, let e be such that {Zq} = {A | e G A^"'}. Since e G 
Z^"^ and Zq G Pq and A^"' =t A„ © O^") uniformly for all A„ G Pa; and 
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Xq = Hq{X^) e Pq, there exists j such that e € X^'^' for all X^j £ such 
that Zi^\j C X^. But is not isolated in P^^, so there exists X^ € P^^ such 
that ^i^tj C Xi^ and ^ Z^^. Thus e € ^q""* and Xq ^ Zq, a contradiction. 
Letting P = Pq and Z = Zq wc obtain our theorem. □ 

Remark 11. Modifying the proof of Lemma 3.3, it is easy to replace w by a 
small recursive ordinal such as w + a; or w • w or . Harrington [5] and Gerdes 
[3] have shown that Lemma 3.3 and consequently Theorems 3.4 and 3.5 hold 
generally with uj replaced by any recursive ordinal. 
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